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Figure 15.1. The flowchart
illustrating crystal structure
determination from powder
diffraction data. Preliminary
processing and indexing are
described in Chaps. 13 and
14, respectively, and have
been assumed accomplished
at an earlier stage.
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Figure 15.2. The Monte Carlo method 1llustrated as a game of battleship.

Assume that the unknown location of a four-dot battleship on the left represents a
structure to be found. First a player makes some random shots (empty red circles) unit the
ship 1s hit once, shown as a filled blue circle. Next the player applies algorithms (i.e., a
battleship is in the vertical or horizontal direction). Finally, based on the outcome of the
random sampling and the algorithm, the player determines the location of the other
player's ship, thus solving the structure.
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Unconventional Direct, Reciprocal, and Dual Space Methods:

* Genetic algorithm

*  Maximum entropy method

*  Maximum likelihood method

* Simulated annealing method and its modification
* Parallel tempering

* Dual-space methods:

* Charge flipping algorithm
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Full-pattern decomposition: Le Bail and Pawley methods:

m
V= by ) Tl + 0.5y (i + Axy)
k=1

m
Vo= by + D Llyi() + 0.5y, o + Ax)]

= Eq. 15.6

m
Yn=Dbn + Z Le [y (x) + 0.5y (g + Axy)]
k=1

Pawley method refined the intensity, while
Le Bail and Rietveld methods extract intensity as:

calc
Yk,i

°m _ _calc Eq 15.7

m
k=1Yk,i

obs

Yii = Pk,i(ygom — bg), where: py; =
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7 = m _ pV
== Eq. 15.3
v
P /1024 pV
Z=1 = 0.6023°—  Eq.15.4
/ M
6.023 x 1023
— 1.66°M _ 1 66™M
2 p=166==166 Eq. 15.5

Figure 15.3. One unit cell in the crystal structure of
elemental copper illustrating that a point located in a
corner contributes '4 of an atom, and a point located
on a face contributes '42 of an atom to the content of
the unit cell. Similarly, a point located on an edge
would contribute Y4 of an atom. Thus, the overall
content of this unit cell 1s 8 x %5 + 6 x 2 =4 Cu
atoms.

Slide 5



Peter Y. Zavalij
Vitalij K. Pecharsky

Ch. 15. Solving Crystal Structure from Powder Diffraction Data

Nonlinear Least Squares

f(x0,...,x%) f(x0,...,x%)
ox, T2 Axy+.. .+ o A, =y — f1(x0,...

Af,(x2,...,x2) fy(x2,...,x2)
ox, T2 Axy+.. .+ o EAXy, =y, — (20,

Af(x2,...,x%) Af(x2,...,x2)
T oxs T Axy+.. .+ — o AKXy, =y, — (20,

Ax = (ATWA)"1(ATwy)
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Xm) pa 159
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Eq. 15.10
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Nonlinear Least Squares (continue) Eq. 15.12
/afl(x?,---,x%) 0fr(x1)--, xm) 0f(xf,--, xm)
x —x9 Ax, 0x4 0, Xy,
Ax=| Xx—x3 | = A% Eq. 15.11 Ao Ofs(xt)-- o, xm) 0f2(x7,--, xXm) Ofo (1), xm)
. A 0x4 dx, 0xm
T/ 0fuxfs D) 0f(esx®)  fual X%
n 1,---, m n 1,---, m n 1,---, m
yi— fi(x], .. xm) \ 01 0x; 0Xm /
_ 0 0
y = Y2 fZ(xl""’xm) Eq- 15.13
Yn _fn(x?!"wxgl
0
2 x1 + Axq
M(})1 u(z)z 8 x=x0 +Ax = | *2+ A% Eq. 15.15
W= 2 Eq. 15.14 a- 1>
. . 0
0 0 w2 Xm + Axp,
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Nonlinear Least Squares (continue)

(ATWA)7F S wi ()2

Standard uncertainty o (x;): o(x;) = —— Eq. 15.16
—-j=1,...,m
— n 1s the number of equations in Eq. 15.9,
— m 1s the number of parameters in Eq. 15.9
Marquardt damping (D): Ax = (ATWA + D)1 (ATwy) Eq. 15.17
Correlation coefficients (p;): pij = (ATWA);'/ J (ATWA);;' (ATWA) Eq. 15.18
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0 (0 Figure 15.4. When the nonlinear least squares
= = technique may fail in finding the best least-
=4 =4 square solution: /eft — the initial approximation
o o (x,) 1s located near a false minimum; right —
% % the minimum is poorly defined.
= =
3= 3=
= =
] L
N N
£ El—r——

5 5 : |
= = -
: i
: i
i i
i |
> X > X
Xtrue X X Xtrue

The arrows represent the possible outcomes of two least squares cycles. In the case on the leff the minimization ends
in a false minimum. In the case on the right the obtained shifts have correct signs but wrong magnitudes and instead
of converging, their absolute values continue to increase. True solutions (1.e., global minima) are marked as x, .
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Figure 15.5. The observed (circles), calculated (solid lines), and difference (solid lines at
the bottom) profiles.

The dotted line at the bottom corresponds to Y;°?S — Y.°¥¢ = (. The short vertical lines correspond to
the calculated position of the Bragg peak. The panel on the left shows a good fit. The panel in the
middle shows the result when the calculated integrated intensity is overestimated, while the panel on
the right is for the underestimated integrated intensity.

Slide 10



Peter Y. Zavalij Fundamentals of Powder Diffraction and Structural Characterization of Materials. Third Edition

Vitalij K. Pecharsky ~ Ch. 15. Solving Crystal Structure from Powder Diffraction Data Springer © 2025

Intensity, Y (102 counts)
Intensity, Y (102 counts)
Intensity, Y (102 counts)

T T T e T T T e e S

Good fit 26¢@ too high 26¢2¢ too low
-'4 T v L T T L -'4 T v L T T L -'4 T v L T T L}
67.6 67.8 68.0 68.2 68.4 67.6 67.8 68.0 68.2 68.4 67.6 67.8 68.0 68.2 68.4
Bragg angle, 26 (deg.) Bragg angle, 26 (deg.) Bragg angle, 20 (deg.)

Figure 15.6. The panel on the left shows a good fit. The panel in the middle shows the
result when the calculated Bragg angle i1s overestimated, while the panel on the right 1s
for the underestimated Bragg angle. See Figure 15.5 for the explanation of notations.
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Figure 15.7. The panel on the left shows a good fit. The panel in the middle shows the
result when the calculated FWHM is overestimated, while the panel on the right is for the
underestimated FWHM. See Figure 15.5 for the explanation of notations.
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Figure 15.8. The panel on the left shows a good fit. The panel in the middle shows the
result when peak asymmetry is overestimated, while the panel on the right is for the
underestimated asymmetry. See Figure 15.5 for the explanation of notations.
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Figure 15.9. The panel on the left shows a good fit of a Mo Ka,,/Ka, doublet of the (021)
Bragg peak of spherical LaNi, ¢sSn, ;s powder. The panel in the middle shows the result
when both peak intensity and full width at half maximum are overestimated, while the
panel on the right is for the underestimated integrated intensity and asymmetry. See
Figure 15.5 for the explanation of notations.
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Figures of Merit

n |yobs _ ycalc . . .
R — 1_1| i i I % 100% Eq. 15.19 n is the to_tal nu_mber of points measured in the
p nyebs powder diffraction pattern.
—Y?9b5 is the observed intensity of the it data point.
Zn Wi (Yobs Ycalc)
Rwp = 121]1 (Y052 X 100% Eq. 15.20 — Y€ is the calculated intensity of the it data point.
1 Wi (Y
s —w; is the weight of the i data point, which is
|05 — peate usually taken as w; = 1/0; = 1/Y,°PS.
= J
Rp = m_jobs X 100% Eq. 15.21 — m 1s the number of independent Bragg reflections.
j=1Y
y — 1955 is the “observed” integrated intensity of the
n—p 2 j™ Bragg peak.
Rexp - n obs~2 X 100% Eq. 15.22
i=1 Wi(Y7 ") —I¢%¢ is the calculated integrated intensity of the ;i

Bra eak.
1 w; (Yobs Yicalc)2 gegp

n—=p

2
2 _ _ Rwp

Rexp

Eq. 15.23 — p 1s the number of free least squares parameters.
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Figures of Merit (continue)

AY, AY;_ 2
?=2 ( I'/G'i - I 1/0',:_1)

AY;; \*
?=1 ( I'/O'i)

where AY; = Y275 — %€ and g; is the corresponding statistical.

Durbin—Watson d-statistic: d = Eq. 15.26

n—1 3.0902
Parameter Q: =2

e Eq. 15.27

where n and p are the number of experimental observations and free least squares parameters, respectively.
When:

d < Q <2 —serial correlation 1s positive and sequential observations have the same sign;

d >4 — Q > 2 — serial correlation 1s negative and sequential observations have opposite signs.
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2.5

Figure 15.10. A fragment of a powder
diffraction pattern of LaNi, ¢sSn, 5 collected on
a Rigaku TTRAX rotating anode powder
diffractometer using Cu Ko radiation with a
step A20 = 0.02°. The observed scattered
intensity (Y,°?%) is represented by red circles;
calculated intensity (Y %) is shown by blue
circles connected with thin solid line. The
differences between the observed and calculated
intensities are depicted by green triangles. A
thick solid line across the triangles corresponds
to Y25 —y£€ = 0. The differences between
o | || the observed and calculated intensities are

: obs
s et o i B 20 i (et ool ssptli tyg;lccally.plotted on the same scgle as ¥,°”° and
e S e - Y7, with a constant vertical displacement for
R e — clarity. Vertical tick marks 1ndicate the

81.0 81.5 82.0 calculated positions of Bragg peaks.
Bragg angle, 26 (deg.)

Yicalc LaNi4_858n0_15, Cu Ka

2.0
1.5

1.0 +

zejcalc, K(}’,1

\ 2ejcalc, KCLz

Intensity, Y (103 counts)

0.5 -
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Fundamentals of the Rietveld Method

n m
For a single wavelength experiment: & = Z w; (Y — [b; + K Z Iy (xj)])2 Eq. 15.30
i=1 =1

n m
For dual wavelength (Ko, + Ka,): @ = Z w; (Y0P — [b; + K Z Ii {y;(x;) + 0.5y;(x; + 4x;)}])* Eq.15.31
i=1 j=1

Weights: w; = [Y2P5]7! Eq. 15.32
n p m Eq. 15.34
For dual length
ar(l); sziezfl ;E;sne%t b= Z wi (Y% = [b; + Z K Z Ij (v, () + 0.5y, (x,; + Axy ) 112
' i=1 =1 j=1
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Table 15.2. A suggested parameter turn-on sequence in a single-phase, single-pattern Rietveld
refinement using constant wavelength X-ray or neutron data.

Parameter or group of parameters Linear Stable Comment Sequence
Phase scale Yes Yes a 1
Specimen displacement No Yes b 1
Linear background Yes Yes c 2
Lattice parameters No Yes d 2
More background Generallyno Fairly v 20r3
profile parameter W No Poorly e 3or5
Coordinates of atoms No Fairly f 3
Preferred orientation No Fairly f 4, 1f at all
Population and isotropic ADPs No Varies Correlated 5

U, V, other profile parameters No No e Last
Anisotropic ADPs No Varies Last, if at all
Zero shift No Yes b 1,5, 1f at all
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Restraints:
NY 2 N€ 2
b = Zi=1 W[_Y(Yiobs _ Yicalc) + fc Zi= Wic (C[pbs _ Clpalc)
N® N
+f6 Zi_l Wi6(6fxp _ 6lpalc)2 + fa: Zi_ ng:(aiexp _ a,[g:alc)z

NP NP Eq. 15.35

P WP (=pfl) Py wh(—PEe)’

1= 1=
NZ
z z calc)?
HEEY (o)
i=1
¢ — chemical composition or charge balance,

0 — distances,

Chemical composition: o — valence angles,
n p — displacement from a plane,
ceale = Z S; M; g; Eq. 15.36 P — positive Pawley extracted integrated intensity,
=1 z — positive pole figure
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Rigid Bodies:
T T T L L L S S S
Tensor U from the 11 "12 °13 11 ~12 13 11 9212 213
TLS parameters: T=|Tiz Tz T3 |,L=|Liz Lyz L3 ), and S=1|S521 S22 523 Eq. 15.41
Tiz Tp3 Tz Liz Lp3 Lz 531 S32 533
U =T+A;S+STA] +A;LA] Eq. 15.42
0z, -Y
Aj=|—Z 0 X Eq. 15.43
Y, —X; 0
(eUg);. a* a*b*cosy* a*c*cosp*
Uijj = \/ﬁ’ where g = a*b* cosy” b*? b*c* cos a* Eq. 15.44
e a*c*cosp* b*c*cosa’ c*?
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